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Universal Mean-Field Phase Diagram for Biaxial Nematics

Fulvio Bisi
Dipartimento di Matematica and CNISM, Università di Pavia,
Pavia, Italy

Fully attractive and partly repulsive molecular interactions, characteristic of
biaxial liquid crystal molecules, are described by a class of quadratic Hamilto-
nians, originally put forward by Straley. The partly repulsive interactions require
a minimax principle for the associated mean-field free energy. By analyzing the
different phases in a bifurcation scenario, we show that the phase diagram
described by Sonnet et al. [Phys. Rev. E 67 061701 (2003)] is universal. Our model
predictions are in agreement with recent observations on both V-shaped and tetra-
podal molecules.

Keywords: biaxial; minimax principle; nematic liquid crystal

1. INTRODUCTION

The possibility that biaxial nematogenic molecules give rise to biaxial
phases was already conceived in the 70’s [1,2]. The quest for an experi-
mental confirmation of biaxial nematic phases has had a long history
since their existence was predicted theoretically. Although such quest
has not yet ended, recently some researchers have claimed having suc-
cessfully synthetized new nematogenic molecules that give rise to
thermotropic biaxial phases [3–6]. These experimental findings have
revived the interest for macroscopic biaxiality [7,8], and scientific
debate, as is the case witnessed by the recent dispute [9,10] on
what had started to be considered as a firm evidence of macroscopic
biaxiality in thermotropic liquid crystals [11].
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The phase diagrams for biaxial nematics so far proposed can be
reduced to two types, essentially. The first one shows invariably the
same mean-field phase diagram, with a single triple point [12–17].
This can be obtained by using the well-accepted idea that macroscopic
biaxiality results from anisotropic dispersion forces between biaxial
molecules [1]; in addition to that, excluded-volume effects have also
been studied, with no change in the result. In the dispersion model,
each fluctuating dipole of a molecule interacts with all induced dipoles
in another molecule. In general, a dipole of a real molecule always
interacts with the corresponding dipole of another molecule, but it
may not interact with the other dipoles, which resonate at different
frequencies. Ideally, one could think of molecules composed of ‘‘inde-
pendent’’ oscillators. The second type of phase diagram is more recent;
in this case a mean-field model has been applied to molecules for
which dispersion forces arise from two independent sources [18]. The
phase diagram predicted is very different from the former, which
wrongly appeared to be universal. In fact, the latter shows the onset
of two tricritical points [19,20]. However, all models previously studied
are peculiar cases of the general Straley quadrupolar interaction
potential [12]; indeed, this potential has been studied both analyti-
cally, in the mean-field approximation [12,13,21], and computationally
[22,23,16,15], mainly within the London dispersion forces approxi-
mation (see [24] and Sect. 5.1 of [25]). In consideration of that, it is
interesting to investigate which variety of phase diagrams arises from
Straley’s general interaction. A partial answer has already been given
by Longa et al. [26]: they showed that the tricritical point found in [18]
extends as a line in the parameter space. We will show that the two
tricritical points found in [19,20] are joined by this line so that the
phase diagram presented in [18] describes in full generality the beha-
vior of biaxial liquid crystals within the quadrupolar approximation.

In detail, we employed a mean-field model based on a particular
version of Straley’s potential going past the dispersion forces approxi-
mation. Physically, such model is built on the idea that different oscil-
lators in a molecule can resonate only with their counterpart in the
interacting molecule, instead of resonating with all, as implied in
London dispersion forces approximation. This model, which was
further studied in [20,19], revealed a new bifurcation scenario, which
includes a tricritical point along the uniaxial-to-biaxial phase tran-
sition and the possibility of a direct, first-order isotropic-to-biaxial
transition.

In particular, Straley’s quadrupolar Hamiltonian for nematogenic
biaxial molecules can be either fully attractive or partly repulsive. In
both cases, Hamiltonians are globally attractive, and promote the
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state where all molecules, depicted as blocks, lie parallel to one
another, side by side. On the one hand, fully attractive Hamiltonians
result from the superposition of attractive, purely dispersive interac-
tions. On the other hand, partly repulsive Hamiltonians result from
the superposition of both attractive, purely dispersive interactions
and excluded-volume, repulsive interactions. It has recently been
shown that the quadrupolar approximation of the excluded-volume
interaction associated with a large class of biaxial molecules intro-
duced by Mulder [27], the sphero-cuboids, is partly repulsive [28]. This
class of molecules includes both Straley’s blocks [12,14] and sphero-
platelets [29,30] as special cases. For all sphero-cuboids, the repulsive
component in the effective quadrupolar pair-potential is reminiscent
of the parent hard-core interaction. It has been conjectured in [28] that
the excluded-volume interaction of all biaxial molecules have a partly
repulsive quadrupolar approximation.

In order to deal with partly repulsive Hamiltonians, we had to
resort to a variational principle suited to a general class of Hamilto-
nians, as the approximate free energy computed may fail to attain its
minimum at every stationary point. This can be done by applying a mini-
max principle to the mean-field approximation to the free energy [31].

By following this route, we have been able to show that the phase
diagram previously obtained [28] is indeed universal, in the sense that
other phase diagrams are qualitatively the same as that one, with the
extension to a whole region of the molecular parameter space of both
the direct first-order isotropic-to-biaxial transition and a tricritical
point. Moreover, for all partly repulsive interactions, the phase dia-
gram is qualitatively the same as the one predicted in the case of
purely London dispersive interactions, with a single triple point mark-
ing a second-order isotropic-to-biaxial transition.

2. BIAXIAL INTERACTIONS

When molecules interact, their interaction Hamiltonian H reflects the
molecular symmetry. By assuming, as customary for nematic liquid
crystals, that the molecular distribution is homogeneous in space
and isotropic in the intermolecular vector, for any given relative orien-
tation, we reduce H to its orientational part. In particular, here we
study the general quadrupolar orientational Hamiltonian put forward
by Straley [12], phrased in the tensorial formalism of [18].

We describe the interacting molecules through two pairs of sym-
metric, traceless tensors, ðq;bÞ and ðq0;b0Þ. Both tensors q and q0

are uniaxial around the unit molecular vectors m and m0; both b
and b0, orthogonal to q and q0, respectively, are purely biaxial. Explicit
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representations of q and b are

q :¼m�m� 1

3
I; ð1aÞ

b :¼ e� e� e? � e?; ð1bÞ

where I is the identity tensor, and the orthonormal basis ðe; e?;mÞ is
the eigenframe of any molecular susceptibility tensor, q and b repre-
senting the irreducible components of the anisotropic part of any such
tensor. Similar representations apply to q0 and b0 in the eigenframe
ðe0; e0?;m0Þ (Fig. 1). In terms of these tensors, H can be written as

H ¼ �Ufnq � q0 þ cðq � b0 þ b � q0Þ þ kb � b0g; ð2Þ

where U > 0 is a scaling energy, n ¼ �1, and c, k are dimensionless
scalar parameters.

For n ¼ 1, the Hamiltonian in (2) constitutes the natural extension
to biaxial molecules of Maier and Saupe’s interaction for cylindrically
symmetric molecules [32]. A special instance of H is obtained by

FIGURE 1 A pictorial representation of a biaxial molecule as a platelet with a
major axis m and two minor axes, e and e?. These are the eigenvectors of any
molecular polarizability tensor.
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setting k ¼ c2:

H ¼ �Uðqþ cbÞ � ðq0 þ cb0Þ: ð3Þ

This case, which we call purely dispersive, was first considered by
Freiser [1,2]: it represents a London interaction associated with the
molecular susceptibility ap :¼ qþ cb. Compared to this, the general
interaction (2) represents the case where the different arms of the
molecules resonate at different frequencies [18,33]. For short, we often
call k ¼ c2 the dispersion parabola.

For n ¼ �1, a repulsive interaction between the long molecular axes
m and m0 is contrasted by dispersion interactions that potentially
favour the alignment of the perpendicular axes e; e0 and e?; e0?.

Equation (2) can also be phrased in terms of the inner products
between corresponding unit vectors in the molecular eigenframes [34]:

H¼�U �ðkþn
3
Þþðn�kÞðm �m0Þ2þ2ðkþcÞðe? � e0?Þ

2þ2ðk�cÞðe �e0Þ2
� �

:

ð4Þ

3. GROUND STATE STABILITY

The Hamiltonians H in (2) or (4) represent the matching tendency of a
pair of interacting molecules, i.e., the tendency they have to be
oriented alike, side by side, one parallel to the other. In other words,
we require that H attains its absolute minimum when the molecular
vectors ðe; e?;mÞ and ðe0; e0?;m0Þ orderly coincide or, which is the same,
when q ¼ q0 and b ¼ b0. To ensure that this is the ground state of H,
the parameters c and k must be appropriately restrained. These
restrictions are different for the two different values of n.

To formalize the requirement we need to impose on the ground state
of H, we can consider a pair ðq0;b0Þ as obtained from ðq;bÞ via a
rotation of an angle a 2 ½0; p� about a rotation axis characterized by a
unit vector w.

If we denote by DH the difference between H in (2) and the value it
takes on its supposed ground state, we observe that a necessary con-
dition for DH to be positive definite for all a and w is being so for small
values of a and all w. To express this local stability condition for H, we
write the lowest approximation to DH for a << 1, and denote it by dH.

It turns out [35] that dH is positive for all components of w provided
that

k > 0 and n� j2cj þ k > 0: ð5Þ
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dH can also be given the compact form

dH ¼ k � x; ð6Þ

where x ¼ ax is the rotation vector and k, which depends linearly
on x,

k ¼Mx; ð7Þ

is the corresponding restoring torque. In the molecular frame
ðe; e?;mÞ, the tensor M in (7) is represented as

M ¼ ðnþ 2cþ kÞe� eþ ðn� 2cþ kÞe? � e? þ 4km�m: ð8Þ

For n ¼ 1, M possesses two equal eigenvalues whenever one of the
following equations is satisfied:

1� 2c� 3k ¼ 0; 1þ 2c� 3k ¼ 0; c ¼ 0: ð9Þ

Correspondingly, M is uniaxial about e; e?, or m. Equations (9) deter-
mine three straight lines in the ðc; kÞ plane (see Fig. 2), along which
the distribution of restoring torques is uniaxial. We call them the
uniaxial-torque lines. They all meet at the point I ¼ 0; 1

3

� �
: there,

FIGURE 2 The domain of stability for the interaction Hamiltonian H (2) in
the plane n ¼ 1. The straight lines c ¼ 0 and 1� 2c� 3k ¼ 0 embody the
symmetries of H. The points O;O1, and O2 are conjugated. The points on
the parabola k ¼ c2 represents the purely dispersive case (3).
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M is isotropic, and k is thus aligned to x. For n ¼ �1, M is uniaxial
(about m) only for c ¼ 0.

The local stability analysis performed above for the ground state of
H can easily be extended to the other critical points of H. It can be
shown that H is stationary at the pairs ðe; e?;mÞ and ðe0; e0?;m0Þ
whenever

½ðn� kÞðm �m0Þm�m0 þ 2ðkþ cÞðe? � e0?Þe? � e0?
þ 2ðk� cÞðe � e0Þe� e0� 2 Sym;

ð10Þ

where Sym is the subspace of all symmetric tensors. Clearly, (10) is
satisfied for all molecular orientations with axes ðe0; e0?;m0Þ obtained
by permutation of the axes ðe; e?;m0Þ: in all these configurations,
each symmetry axis in one molecule is aligned to a symmetry axis
in the other molecule, though not all equal axes are parallel to one
another. We call these configurations aligned. One can prove that,
for n ¼ 1; minima and maxima of H can only occur at the aligned
configurations. In addition to that, for n ¼ �1, among all aligned con-
figurations, H attains its maximum only when m ¼m0: all other
configurations but the ground state are saddle points. We need not
dwell any further on the analysis of H for n ¼ �1, as it will be shown
in the following section that this case can easily be recovered from
the case n ¼ 1 by an appropriate permutation of the molecular axes.
In view of this, we conclude that the ground state is actually the
global minimizer for H in the whole domain of stability.

4. PERMUTATION SYMMETRIES

Calling the molecular axes the way we have chosen is a matter of
convention; we could agree to orient e, e?, and m along the principal
orientations of a molecular susceptibility tensor, respectively, in
increasing order of the corresponding principal susceptibilities. Such
a choice would unambiguously identify three orthogonal molecular
axes, but none of these conventional choices in indeed necessary for
the validity of our theory. As already remarked in [8], H represents
physically the same system if the names of the molecular axes are
swapped, provided that the scalar coefficients of the corresponding
bilinear terms in either Eqs. (2) or (4) are accordingly exchanged.

There are three different transformations ðn; c; kÞ 7! ðn�i ; c�i ; k
�
i Þ,

i ¼ 1; 2; 3, characterized by which molecular axis is left unchanged.
Without going into details, which can be obtained elsewhere [35] we
can say the corresponding transformations for the molecular tensors

188 F. Bisi
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q and b read as

q�1 ¼ �
1

2
ðqþ bÞ; b�1 ¼ �

1

2
ð3q� bÞ; ð11aÞ

q�2 ¼ �
1

2
ðq� bÞ; b�2 ¼

1

2
ð3qþ bÞ; ð11bÞ

q�3 ¼ q; b�3 ¼ �b: ð11cÞ

These transformation reveal the same structure under composition
as the permutation group P3. They can be given a rather intuitive geo-
metric interpretation in the copies of the ðc; kÞ plane corresponding to
n ¼ �1.

For n ¼ 1, the lines 1� 6cþ 9k ¼ 0 intersect the domain of stability
(5) along the segments PP1 and P3Q in Figure 3. The co-ordinates of

FIGURE 3 Conjugation chart. The domain of stability is divided in
subregions mutually transformed in one another by permutation symmetries.
The whole domain, on both planes n ¼ �1, is covered by the images of the
essential triangle OIV in the plane n ¼ 1. For each component of the essential
triangle distinguished here by a different degree of grey, there are 5 equiva-
lent copies, all in the plane n ¼ 1, apart from two copies of PTV that lie in
the plane n ¼ �1.
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the end-points of these segments are P ¼ ð16 ; 0Þ, P1 ¼ ð23 ; 1
3Þ, and

P3 ¼ ð�1
6 ; 0Þ, Q ¼ ð�2

3 ;
1
3Þ.

Applying to the triangle OIV in Figure 3 a transformation in the
permutation group generated by the three transformation rules, we
can cover the whole domain of stability in both planes n ¼ �1. This
allows restricting our consideration to such triangle, which we
therefore call essential: all different choices of the model parameters,
including those with n ¼ �1, can easily be reproduced by an appropri-
ate permutation of the molecular axes. Henceforth, our analysis of H
will specifically apply to the essential triangle OIV in the plane n ¼ 1.

5. HAMILTONIAN DIAGONALIZATION

The interaction energy (2) can always be written uniquely as a super-
position of two quadratic terms like the one in (3):

H ¼ �Uðaþqþ � qþ0 þ a�q� � q�0Þ ð12Þ

with qþ and q� orthogonal molecular tensors represented as

q� :¼ qþ c� b ð13Þ

For c 6¼ 0,

c� ¼
3k� 1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3k� 1Þ2þ 12c2

q
6c

; aþ ¼ c� � c
c� � cþ

; and a� ¼ c� cþ

c� � cþ
:

ð14Þ

For c ¼ 0, qþ ¼ q and q� ¼ b, while aþ ¼ 1 and a� ¼ k. We notice that
the values c� in (14) have always opposite sign. Moreover, whenever
k > c2 both a� are positive, and so H is decomposed by (12) into two
London attractors. On the other hand, whenever k < c2 one amplitude
a� is positive and the other is negative, and so H is decomposed by (12)
into a London attractor and a London repulsor [31]. The Hamiltonian
is said fully attractive in the former case and party repulsive in the
latter. If k ¼ c2,

cþ ¼ c; c� ¼ � 1

3c
and aþ ¼ 1; a� ¼ 0; ð15Þ

and (12) reduces to (13).
This decomposition of H can be given a telling geometric interpret-

ation (see Fig. 4). For a given point ðc; kÞ representing H in (2), the cor-
responding points ðc�; k�Þ are the intersections of the parabola k ¼ c2

with the straight line through the points ðc; kÞ and I ¼ ð0; 1
3Þ. Thus,
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all points ðc; kÞ on this line are associated with the same roots c�, but
with different amplitudes a�.

6. MINIMAX PRINCIPLE

The standard strategy to find the stable phases of a system undergoing
an ordering transition is to minimize the mean-field approximation F0

to the free energy F of the system. There exist examples showing that
the presence of repulsive terms in the Hamiltonian can make this
strategy fail [37]. For systems described by discrete state variables,
a remedy to this failure is known to be the minimax principle first pro-
posed by Bogolubov Jr. in the study of a model problem in supercon-
ductivity and later extended to more general spin systems [38,39].
Recently, such principle has been proposed for systems described by
continuous state variables, as are biaxial nematic liquid crystals [31].

In the following, we will restrict all considerations to our model. In
general, two independent order tensors are needed to describe all poss-
ible condensed phases predicted by the interaction Hamiltonian H in
(2). They can be defined as

Q :¼ hqi; B :¼ hbi; ð16Þ

FIGURE 4 The shaded fan in the ðc; kÞ plane represents the region where H
in (2) attains its minimum when ðq0;b0Þ ¼ ðq;bÞ. The points ðc�; k�Þ on the
dispersion parabola k ¼ c2 represent the quadratic decomposition of an
interaction described by ðc; kÞ (12).
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where h�i denotes the ensemble average relative to the single-particle
distribution function.

Under the assumption that the macroscopic tensors Q and B share
the same eigenframe, which is sensibly assumed in the absence of
external fields, four scalar order parameters, S, T, S0, T0, suffice to rep-
resent them:

Q ¼ S ez � ez �
1

3
I

� �
þ Tðex � ex � ey � eyÞ; ð17aÞ

B ¼ S0 ez � ez �
1

3
I

� �
þ T0ðex � ex � ey � eyÞ; ð17bÞ

S and S0 are uniaxial order parameters. If both T and T0 vanish, we
say that Q and B represent a uniaxial phase: the intrinsic molecular
biaxiality is not collectively revealed. When either T or T0 is different
from zero, we say that the phase is biaxial and two different origins
can be identified for this collective behaviour: in the distribution of
the molecular long axes, if T 6¼ 0, or in the intrinsic molecular biaxial-
ity, if T0 6¼ 0.

Equivalently, in view of the decomposition used in (12), we could
resort to the averages of the molecular tensors (13). We can thus
describe the condensed phases in terms of two new tensors, which
can be defined analogously:

Q� ¼ hq�i ¼ S� ez � ez �
1

3
I

� �
þ T�ðex � ex � ey � eyÞ; ð18aÞ

Qþ ¼ hqþi ¼ Sþ ez � ez �
1

3
I

� �
þ Tþðex � ex � ey � eyÞ: ð18bÞ

Therefore, the free energy F0 of the condensed phases is a function
of a set of four order parameters ðSþ;Tþ;S�;T�Þ. For partly repulsive
Hamiltonians, the stable condensed phases must be a local maximum
in Q�, and a local minimum in Qþ, the minimax principle boils down
to the third eigenvalue criterion. In other words, a state that can be
classified in the mean field approximation as locally stable must have
the hessian form of F0 with respect to the four variables characterized
by two stable normal modes and two unstable ones, i.e., once the eigen-
values of the hessian matrix are sorted in ascending order, the third
eigenvalue must be positive.
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7. PHASE SEQUENCES

In this section, with the aid of the minimax principle detailed in Sec. 6,
we determine the sequence in temperature of all stable phases
described by the mean-field free energy F0 associated with the interac-
tion Hamiltonian in Eq. (12).

We use the symmetries induced by the permutations of the molecu-
lar axes introduced by Longa et al. [26] and described in Section 4. For
example, the point O, O1, and O2 in Figure 5 all represent the same
interaction energy of equivalent uniaxial molecules with symmetry
axes along the molecular frame ðe; e?;mÞ. Similarly, the range of uni-
axial stability about m, which in Figure 5 is represented by a triangle
in the plane k < 0, is mapped into the infinite triangles defined by
k > 0 and k� j2cj þ 1 < 0, when m is replaced by either e or e?. As

FIGURE 5 The region above the dispersion parabola k ¼ c2 represents fully
attractive Hamiltonians, while the region below this parabola represents
partly repulsive Hamiltonians. The grey triangle in the half-plane k < 0 is
the region to be added to the fan, if only the stability of molecules around their
long axes is required in the ground state. The two other grey regions are
conjugated to this triangle via the permutations symmetries of H. O;O0, and
O00 represent purely uniaxial interactions. T;T, and T00 represent purely biaxial
interactions. T0 is the point at infinity of the parabola. The lines OT0, O0T00, and
O00T represent the permutation symmetries of H: they all meet at the point I.
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shown in [26], all inequivalent H’s are represented by points in the
essential triangle in Figure 6 extracted from Figure 5. All the
points conjugated under one of these symmetries should give rise to
the same physical behaviour, provided the temperature is appro-
priately rescaled whenever the molecular axis m is not involved in
the permutation.

The sides of the essential triangle within the fan-region are self-
conjugated under permutation symmetries. For each side there is a
transformation of the microscopic state that leaves the interaction
energy invariant with no associated change in the temperature scale.
Thus, a new property arises. Any macroscopic quadrupolar observable
A can be written as a linear superposition of the ensemble averages Q
and B of q and b: A ¼ aQþ bB. The corresponding measurable physi-
cal quantities are expressed in terms of their spectra. By imposing the
invariance of the spectra under the symmetry transformations that
make the Hamiltonian H self-conjugated, we find new constraints on
the admissible order tensors Q and B. The simplest case occurs for
c ¼ 0, where the exchange of e and e? does not change H. By requiring
that for c ¼ 0 the algebraic invariants of A� ¼ aQ� bB be the same as
the algebraic invariants of A for all a and b, we arrive at [35]

trðQBÞ ¼ Q �B ¼ 0; trðQ2BÞ ¼ 0; trðB3Þ ¼ 0: ð19Þ

FIGURE 6 The essential triangle, delimited by thick lines of Figure 5. The
base OV represents Hamiltonians that give rise only to the isotropic-to-uniaxial
transition. C1C3 is a tricritical line: the corresponding Hamiltonians produce a
phase diagram with a tricritical point along the uniaxial-to-biaxial transition.
C2C3 is a triple line: the corresponding Hamiltonians produce a phase diagram
with a single direct isotropic-to-biaxial transition, where the isotropic, uniaxial,
and biaxial phases are in equilibrium. T is the Landau triple point on the dis-
persion parabola. C3V is a line of triple points. There, a biaxial phase continu-
ously branches off the isotropic phase.
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Here, Q and B are the traceless order tensors defined in (16) [12,18].
As a consequence of constraints (19), T ¼ S0 ¼ 0, and so for c ¼ 0 all
condensed phases can be described by two scalar order parameters,
S and T0. Since Q and B are orthogonal, one could be tempted to
describe the ordered phase by a single tensorial order parameter. This
would be misleading because the biaxialities of Q and B have different
molecular origins: the quadrupolar interactions between the q’s and
the b’s are assumed to be independent, and so they cannot be
expressed by the interactions of a combined molecular tensor. The con-
straints in (19) for c ¼ 0 have their counterpart on the self-conjugated
lines 1� 3k� 2c ¼ 0, where the phase ordering is again described by
two scalar order parameters, conjugated to S and T0 [35]: in particular,
along the side IV of the essential triangle

3trðQ2Þ � trðB2Þ � 2trðQBÞ ¼ 0; ð20aÞ

tr B3 � 9tr Q2B ¼ 0; ð20bÞ

3tr Q3 þ 4tr Q2Bþ tr QB2 ¼ 0: ð20cÞ

Combining condition (20a) with (19), we find that the phase sequence
for the intersection I of the three self-conjugated lines is described by a
single scalar order parameter, since S ¼ T0 for all temperatures. Thus,
symmetry requires that if there is any ordering transition at I, this
must be a direct first-order isotropic-to-biaxial transition. Had we uni-
ted S and T0 in the same order tensor, we would now arrive at the con-
clusion that the ordered phase is uniaxial, in contradiction with the
result of [18]. Moreover, at the point I the degree of biaxiality of any
macroscopic quadrupolar observable is predicted to be independent
of the temperature.

We now discuss the sequences of ordered phases for choices of
ðc; kÞ inside the essential triangle, for both fully attractive and partly
repulsive Hamiltonians. In the mean-field approximation, H is
replaced by

H0 ¼ �U aþ qþ � 1

2
Qþ

� �
�Qþ þ a� q� � 1

2
Q�

� �
�Q�

� �
;

where Qþ and Q� are the order tensors defined as in (13).
We showed in [31] that for quadratic Hamiltonians the minimax

and the maximin principles provide equivalent strategies to find the

Universal Phase Diagram for Biaxial Nematics 195

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 1
4:

20
 0

9 
A

ug
us

t 2
01

2 



best approximation to the minimizer of the free energy F associated
with the two-particle Hamiltonian H. For fully attractive Hamilto-
nians (a� > 0), we minimize F0 in its four scalar variables. For partly
repulsive Hamiltonians (aþ > 0, a� < 0), we seek the stationary points
of F0 with minimal energy: these are saddle points of F0, maxima in
ðS�;T�Þ and minima in ðSþ;TþÞ.

We performed a numerical bifurcation and continuation analysis of
the stationary points of F0 along straight lines through the vertex
I ¼ (0, 1

3) of the essential triangle (details are given elsewhere
[35,40]). Along the line c ¼ 0, the phase diagram is already known
[18] and is governed, as expected, only by two scalar order parameters:
it features a tricritical point C1 ’ ð0; 0:20Þ for the uniaxial-to-biaxial
transition and a triple point C2 ’ ð0; 0:22Þ between isotropic, uniaxial
and biaxial phases. It follows from [20,19] and the permutation sym-
metries that along the side IT of the essential triangle there is a tricri-
tical point at C3 ¼ 5

29 ;
19
87

� �
for the isotropic-to-biaxial transition. Within

the essential triangle we find, as in [26], a line of tricritical points that
joins C1 and C3. In addition, there is a line of triple points starting
from C2 and also ending at C3, where both this line and the tricritical
line appear on close inspection to be tangent to the side IT (see Fig. 6).
Along the segment IC3 the system undergoes a single first order
isotropic-to-biaxial transition [19]. All points of the segment C3T are
triple points, but those of the segment IC3 are not: this corrects the
prediction in [26], according to which the whole side IV should consist
of triple points.

It should be noted that for partly repulsive Hamiltonians we always
find the same phase diagram of [12], which coincides with the one
obtained for a single London attractor on the dispersion parabola
[13]. The base OV of the essential triangle represents Hamiltonians
H for which there exists a single first order isotropic-to-uniaxial tran-
sition. This confirms the prediction made in [23] by early Monte Carlo
simulations of biaxial systems.

We also explored the segment TV by enforcing constraints (20) on
the order tensors Q and B. Seen in this constrained manifold, TV exhi-
bits only triple points, that is, the corresponding Hamiltonians
describe a system that undergoes the isotropic-to-biaxial transition
at a single point in the phase diagram, where three phases coexist
in equilibrium: isotropic, uniaxial, and biaxial [35].

The phase diagram that used to be considered universal previously
extends inside the triangle only up to the tricritical line C1C3. It is
characterized by a first-order isotropic-to-uniaxial nematic transition
followed, at a lower temperature, by a second-order uniaxial-to-biaxial
transition. Between the lines C1C3 and C2C3, we observe the same
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sequence of phases, but with simple first-order transitions. In the cor-
ner of the triangle above the line C2C3 there is only a direct first-order
transition between the isotropic and biaxial phases.

A convenient way of representing the universal phase diagram, fea-
turing all the phase sequences described here, is restricting the mol-
ecular parameter space to the boundary OITV of the essential
triangle. We call k� the arc-length along this folded line. Formally,
the interaction parameter k� is the arc-length along the upper border
OIV of the essential triangle:

k� :¼ k 2 ½0; 1
3� if c ¼ 0

1
3 ð1þ

ffiffiffiffiffiffi
13
p

cÞ if c ¼ 1
2 ð1� 3kÞ 2 ½0; 1

2�

�
ð21Þ

The transition temperature 1
b� is scaled to the condensation energy U�

of the attractive well of H in (12): kB is the Boltzman constant, and t

FIGURE 7 Phase diagram along the edges OI and IV of the essential triangle.
The scaled transition temperature 1=b� is plotted as a function of the interac-
tion parameter k� defined in (21). C1 and C3 are tricritical points already
known from [18–20]. C2 is a triple point, where isotropic, uniaxial, and biaxial
phases coexist in equilibrium. Solid lines represent first-order transitions;
broken lines represent second-order transitions [35].
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is the absolute temperature

1

b�
:¼ kBt

U�
; where U� ¼

2
3 Uð1þ 3kÞ if k � c2

Uð1� kÞ if c ¼ 1
2 ð1� 3kÞ 2 1

3 ;
1
2

� 	
�

ð22Þ

As customary, in Figure 7 broken lines denote second-order transi-
tions and solid lines first-order transitions. In particular, we find that
on the segment C3V of all triple points for the fully attractive interac-
tions the maximum transition temperature occurs on TV.

Straley [12] put forward the most general quadrupolar molecular
interaction, and yet the phase diagram derived from his specific
excluded-volume computation did not reveal any of the features dis-
covered here. The reason for this is simple: Straley’s excluded-volume
interaction Hamiltonian can only be mapped into the partly repulsive
region; the associated amplitude U in (12) vanishes along the London
dispersion parabola (see Fig. 5) [28].

8. DISCUSSION

For experimentalists to observe a stable thermotropic biaxial phase it
is essential to choose molecules with fully attractive interactions,
which in principle would give rise to a direct isotropic-to-biaxial tran-
sition. We know from our study that, to attain the highest transition
temperature with attractive interactions, one should choose molecules
that interact through the Hamiltonian described by one of the three
fully biaxial London points T, T0, T00 (see Fig. 5).

This strategy has been quite fruitful. Liquid crystal chemists know
very well how to synthetize uniaxial molecules giving rise to large
nematic temperature ranges. Making V-shaped molecules using two
symmetric identical rod-like arms has been successfully proposed to
create a biaxial nematic phase [3,4,41]. A more detailed discussion
on this issue can be found in [31].

Another interesting realization of biaxial mesogenic molecules are
the tetrapodes employed in [6]. With the aid of two different com-
pounds, experimental evidence of the tricritical point along the uniax-
ial-to-biaxial transition line was found. This appears to us as the first
experimental validation of the universal character of the phase dia-
gram predicted here. It follows from the phase diagram observed in
[6] that one of the points representing the molecular interaction
energy of the two compounds must lie inside the region C1C2C3 in
Figure 6, while the other lies below it. It is plausible that in these
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tetrapodes the biaxial character is due to the X-shaped central
element with high polarizability.

Our model allows making new predictions for systems composed of
independent London oscillators. For instance, since the superposition
of two independent uniaxial oscillators of equal strength represented
by the points O and O0 results in a state described by a point along
IT not far from T, another strategy to engineer a nematogenic mol-
ecule with biaxial thermotropic phases would be to join at right angles
two uniaxial arms, mutually orthogonal and independent.

9. CONCLUSIONS

We made a systematic analysis of the phases created by the most gen-
eral quadrupolar Hamiltonian for anisotropic molecular interactions.
Such a Hamiltonian can be classified as either fully attractive or
partly repulsive. To find the best mean-field approximation to the free
energy of the system, extension of Bogolubov’s minimax principle to
continuous state variables is needed. We applied this method to find
the sequence of equilibrium phases in the essential region of the para-
meter space, for both fully attractive and partly repulsive interactions.

For all attractive interactions, the phase diagram is qualitatively
the same as the one found in [18], with the extension to a whole region
of the molecular parameter space of both the direct first-order
isotropic-to-biaxial transition and a tricritical point. For all partly
repulsive interactions, the phase diagram is qualitatively the same
as the one predicted in the case of purely London dispersive inter-
actions, with a single triple point marking a second-order isotropic-
to-biaxial transition.

Although Straley proposed the most general quadrupolar molecular
Hamiltonian adopted here, it turns out that his excluded-volume
model covers only the partly repulsive case. The fully attractive case
corresponds physically to pure dispersion forces interactions in the
London and McLachlan approximations [25].

This explains why any simulation based on interactions with one
London attractor and one London repulsor represented by a quadrupo-
lar Straley’s interaction must give qualitatively the same phase
diagram with a single triple point, as the one obtained along the dis-
persion parabola. This led modelists to believe that this phase diagram
is universal. In contrast with that, we showed that the most general
fully attractive Straley’s interaction gives rise to a phase diagram with
both a tricritical and a triple point. This phase diagram includes the
one obtained along the dispersion parabola as a special case, and so
it is this one that must be regarded as universal.
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Our predictions are in consistent with those made for both purely
attractive and partly repulsive interactions of V-shaped mesogenic
molecules. The observation of the tricritical point made with the tetra-
podal molecules in [6] gives a first validation of the universal character
of the phase diagram predicted here.
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